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Abstract
This paper is concerned with the construction of the fifth-order generalized Heisenberg
supermagnetic models. We also investigate the integrable structure and properties of the su-
persymmetric systems. We establish their gauge equivalent equations with the gauge transfor-
mation for two quadratic constraints, i.e., the super fifth-order nonlinear Schro¨dinger equation
and the fermionic fifth-order nonlinear Schro¨dinger equation, respectively.
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1 Introduction
The Heisenberg ferromagnet (HF) model [1, 2]
St = S× Sxx, S = (S1, S2, S3), S · S = 1 (1)
is the simplest integrable model of ferromagnetism, where S is a spin vector and × means vector
product. HF model attracts a great interest mainly due to its widely applications roles in various
fields in mathematics and physics, for example, the anti-de Sitter/conformal field theories [3]-
[5], the two-dimensional gravity theory [6] and Eulerian vortex filament [7]. The HF model is
shown to be gauge and geometrical equivalent to the nonlinear Schro¨dinger equation (NLSE)
[2]. In terms of the inverse scattering method, Takhtajan [8] discussed its Lax representation,
the one-soliton solution and the phase and center of mass shifts for a two-soliton collision. A
variety of the work has focused on the investigation of the generalized HF models, such as
higher-order deformations of HF models [9, 10], the multi-component generalized HF models
1Corresponding author: jiafeng guo@163.com
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[11], the multidimensional extended HF models [12, 13]. Later on the N-soliton solutions of the
generalized HF models have also been analyzed [7, 14].
Supersymmetry has its origins in quantum field theory and it receives a lot of attention [15]-
[19]. A variety of integrable systems have been generalized into their supersymmetric equations,
for instance, the Korteweg-de Vries (KdV) equation [20], the Heisenberg supermagnet (HS)
model [21, 22] and the NLSE [23]. The Heisenberg supermagnetic (HS) model can be regarded
as the super generalization of the HF model. Two integrable HS models are constructed on
the compact subalgebra su(2/1). Moreover, by virtue of gauge transformation, Makhankov and
Pashaev [21] proposed two types of gauge equivalent equations. It should be point out the HS
model has connection with the strong electron correlated Hubbard model. Recently, a great deal
of extended HS models have been studied [24, 25]. Furthermore, one [26, 27] established third-
order and forth-order integrable HS models and presented their gauge equivalent counterparts.
It is then a distinctive question to ask what is the other higher-order HS models under two
constraints. When we choose a Lax operator with a function of S, the difficulty of construction
is how to derive another Lax operator with two quadratic constraints and contains fifth-order
derivatives with respect to x. In this paper, we intend to construct fifth-order HS models and
discuss the corresponding integrability in the light of the gauge transformation.
The present paper is built up as follows. A brief review of some elementary facts with the HS
model are treated in Section 2. In Section 3, we establish the fifth-order HS model and derive
their equivalent equations with gauge transformation. Finally, the last Section will be devoted
to a summary and discussion.
2 Heisenberg Supermagnet Model
The HS model can be read as [21]
iSt = [S, Sxx], (2)
where S is a superspin function which can be expressed as
S = 2
4∑
a=1
SaTa + 2
8∑
a=5
CaTa,
=


S3 + S4 S1 − iS2 C5 − iC6
S1 + iS2 −S3 + S4 C7 − iC8
C5 + iC6 C7 + iC8 2S4

 , (3)
where S1, . . . , S4 and C5, . . . , C8 are the bosonic and fermionic variables, respectively. T1, . . . , T4
and T5, . . . , T8 are bosonic and fermionic generators of the superalgebra su(2/1), respectively.
The concept of gauge equivalence yields connections between the completely integrable sys-
tems. The most useful advantage of such interconnections is that we understand the integrable
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properties of both two systems associated with gauge transformation. It is known that the
equivalent equations with gauge transformation can be embedded to their supersymmetric ex-
tensions. One proved that the HS models (2) are gauge equivalent to the flowing systems with
two constraints [21]
(I). S2 = S for S ∈ SU(2/1)/S(L(1/1) × U(1))
iΦt +Φxx + 2(ΦΦ¯ + ΨΨ¯)Φ = 0,
iΨt +Ψxx + 2ΦΦ¯Ψ = 0. (4)
(II). S2 = 3S − 2I for S ∈ SU(2/1)/S(U(2) × U(1))
iΨ1t +Ψ1xx + 2Ψ¯2Ψ2Ψ1 = 0,
iΨ2t +Ψ2xx + 2Ψ¯1Ψ1Ψ2 = 0, (5)
where Φ(x, t) is a bosonic variable and Ψ,Ψ1,Ψ2 are the fermionic ones.
3 Fifth-order Heisenberg Supermagnet Model
Now we consider a fifth-order generalized HS model with constraint (I)
St = εSxxxxx + E(Sx, Sxx, Sxxx, Sxxxx), (6)
where ε is a parameter. The generalization function E(Sx, Sxx, Sxxx, Sxxxx) needs to be deter-
mined which satisfies the transformation equation
SE + ES = E. (7)
With the constraint (I), the superspin variable satisfies SStS = 0 and S[S, Sxx]S = 0.
Based on the Lax representation of the forth-order generalized HS model [22], the Lax pair
G of the fifth-order HS model contains no higher than the fourth-order derivatives with respect
to x. Let us introduce
F = −iλS,
G = −iλ5S + λ4[S, Sx] +
n∑
i=1
λiTi(S, Sx, Sxx, Sxxx, Sxxxx), (8)
where λ is a spectral parameter.
The Lax pair satisfies the zero-curvature equation
Ft −Gx + [F,G] = 0. (9)
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Substituting (8) into (9) and using the condition (7), we obtain
E = −5(SxxxxSx + SxSxxxx)− 10(SxxxSxx + SxxSxxx − SSxxxxSx − SSxSxxxx)
+15(SxSxSxxx + SxxxSxSx) + 20(SxxSxSxx + SxSxxxSx + SSxxxSxx + S
SxxSxxx) + 25(SxSxxSxx + SxxSxxSx) + 70(SxSxSxSxSx + SSxxSxSxSx +
SSxSxxSxSx + SSxSxSxxSx + SSxSxSxSxx)− 35(SxxSxSxSx + SxSxxSxSx
+SxSxSxxSx + SxSxSxSxx),
T1 = i(−Sxxxx + 5SxxxSx + 5SxxSxx + 5SxSxxx − 10SSxxxSx − 10SSxxSxx − 10
SSxSxxx − 15SxxSxSx − 10SxSxxSx − 5SxSxSxx + 35SxSxSxSx − 70SSx
SxSxSx),
T2 = −[S, Sxxx] + [Sx, Sxx] + 10SxSxSx − 20SSxSxSx,
T3 = i(Sxx − 3SxSx + 6SSxSx),
T4 = T5 = · · · = Tn = 0. (10)
From the Eq.(9) and contrasting coefficients of the power of λ, we derive the higher-order HS
model
iSt = i[Sxxxxx − 5(SxxxSx + SxxSxx + SxSxxx − SxSxSxx)x + 10(SSxxxSx
+SSxxSxx + SSxSxxx + SxSxxSx)x + 15(SxxSxSx)x + 35(2SSxSxSxSx
−SxSxSxSx)x]. (11)
The corresponding F and G are given by
F = −iλS,
G = −iλ5S + λ4[S, Sx] + iλ
3(Sxx − 3SxSx + 6SSxSx) + λ
2(−[S, Sxxx] +
[Sx, Sxx] + 10SxSxSx − 20SSxSxSx) + iλ(−Sxxxx + 5SxxxSx + 5Sxx
Sxx + 5SxSxxx − 10SSxxxSx − 10SSxxSxx − 10SSxSxxx − 15SxxSxSx
−10SxSxxSx − 5SxSxSxx + 35SxSxSxSx − 70SSxSxSxSx), (12)
where λ is a spectral parameter.
Now we turn to consider the gauge equivalent equation of (11), let us take
S(x, t) = g−1 (x, t)Σg (x, t) , (13)
where g(x, t) ∈ SU(2/1).
Introducing the relation
J1 = gxg
−1, J0 = gtg
−1, (14)
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Eq.(14) satisfies
∂tJ1 − ∂xJ0 + [J1, J0] = 0. (15)
The orthogonal direct sum decomposition of the super algebra su(2/1) is as follows
L = L(0) ⊕ L(1), (16)
where [L(0),L(0)] ⊂ L(0), [L(0),L(1)] ⊂ L(1), [L(1),L(1)]+ ⊂ L
(0). The commutation and anticom-
mutator relations are given by [X,Y ] = XY − Y X, [X,Y ]
−
= XY + Y X. L(0) is an algebra
constructed in terms of the stationary subgroup H. Suppose
J1 = i


0 ϕ ψ
ϕ¯ 0 0
ψ¯ 0 0

 ∈ L(1) for S ∈ SU(2/1)/S(L(1/1) × U(1)), (17)
where ϕ(x, t) is bosonic filed and ψ(x, t) is fermionic one.
Based on (13), (14) and (17), we have
St = g
−1(x, t)[Σ, J0]g(x, t),
Sx = g
−1(x, t)[Σ, J1]g(x, t),
Sxx = g
−1(x, t)([[Σ, J1], J1] + [Σ, J1x])g(x, t),
Sxxx = g
−1(x, t)([Σ, J1xx] + [[[Σ, J1], J1], J1] + 2[[Σ, J1x], J1] + [[Σ, J1], J1x])
g(x, t),
Sxxxx = g
−1(x, t)(3[[[Σ, J1x ], J1], J1] + 3[[Σ, J1xx], J1] + [[[[Σ, J1], J1], J1], J1])
+2[[[Σ, J1], J1x], J1] + 3[[Σ, J1x], J1x] + [Σ, J1xxx] + [[[Σ, J1], J1], J1x]
+[[Σ, J1], J1xx])g(x, t),
Sxxxxx = g
−1(x, t)(4[[[[Σ, J1x ], J1], J1], J1] + 6[[[Σ, J1xx], J1], J1]
+[[[[[Σ, J1], J1], J1], J1], J1] + 3[[[[Σ, J1], J1x, ], J1], J1] + 8[[[Σ, J1x], J1x], J1]
+4[[Σ, J1xxx], J1] + 2[[[[Σ, J1], J1], J1x], J1] + 3[[[Σ, J1], J1xx], J1]
+4[[[Σ, J1x], J1], J1x] + 6[[Σ, J1xx], J1x] + [[[[Σ, J1], J1], J1], J1x]
+3[[[Σ, J1], J1x], J1x] + 4[[Σ, J1x], J1xx] + [Σ, J1xxxx] + [[[Σ, J1], J1], J1xx]
+[[Σ, J1], J1xxx])g(x, t). (18)
By substituting (13) and (18) into (11), we have
[Σ, J0] = 4[[[[Σ, J1x], J1], J1], J1] + 6[[[Σ, J1xx], J1], J1] + [[[[[Σ, J1], J1], J1], J1], J1]
+3[[[[Σ, J1], J1x, ], J1], J1] + 8[[[Σ, J1x], J1x], J1] + 4[[Σ, J1xxx], J1]
+2[[[[Σ, J1], J1], J1x], J1] + 3[[[Σ, J1], J1xx], J1] + 4[[[Σ, J1x], J1], J1x]
5
+6[[Σ, J1xx], J1x] + [[[[Σ, J1], J1], J1], J1x] + 3[[[Σ, J1], J1x], J1x]
+4[[Σ, J1x], J1xx] + [Σ, J1xxxx] + [[[Σ, J1], J1], J1xx] + [[Σ, J1], J1xxx]
−5(([Σ, J1xx] + [[[Σ, J1], J1], J1] + 2[[Σ, J1x], J1] + [[Σ, J1], J1x])[Σ, J1]
+([[Σ, J1], J1] + [Σ, J1x])([[Σ, J1], J1] + [Σ, J1x]) + [Σ, J1]([Σ, J1xx]
+[[[Σ, J1], J1], J1] + 2[[Σ, J1x], J1] + [[Σ, J1], J1x])− [Σ, J1][Σ, J1]
([[Σ, J1], J1] + [Σ, J1x]))x + 10(Σ([Σ, J1xx] + [[[Σ, J1], J1], J1]
+2[[Σ, J1x], J1] + [[Σ, J1], J1x])[Σ, J1] + Σ([[Σ, J1], J1] + [Σ, J1x])
([[Σ, J1], J1] + [Σ, J1x]) + Σ[Σ, J1]([Σ, J1xx] + [[[Σ, J1], J1], J1]
+2[[Σ, J1x], J1] + [[Σ, J1], J1x]) + [Σ, J1]([[Σ, J1], J1] + [Σ, J1x])[Σ, J1])x
+15(([[Σ, J1], J1] + [Σ, J1x])[Σ, J1][Σ, J1])x + 35(2Σ[Σ, J1][Σ, J1][Σ, J1]
[Σ, J1]− [Σ, J1][Σ, J1][Σ, J1][Σ, J1])x, (19)
where Σ = diag(0, 1, 1).
From Eq.(19) and [Σ, J
(0)
0 ] = 0, we have
J
(1)
0 =


0 (J
(1)
0 )12 (J
(1)
0 )13
(J
(1)
0 )21 0 0
(J
(1)
0 )31 0 0

 , (20)
where
(J
(1)
0 )12 = 6i(ϕϕ¯ϕϕ¯ϕ+ 2ψψ¯ϕϕ¯ϕ) + iϕxxxx + 2i((ϕϕ¯x)xϕ+ (ϕxϕ¯)xϕ+
3(ϕxϕ)xϕ¯+ 2(ψxϕ)xψ¯ + (ψϕx)xψ¯ + ψ(ψ¯ϕx)x + (ψψ¯x)xϕ),
(J
(1)
0 )13 = 6iϕϕ¯ϕϕ¯ψ + iψxxxx + 2i(2(ϕxψ)xϕ¯+ (ϕϕ¯x)xψ + (ϕ¯ψx)xϕ+
(ϕψx)xϕ¯),
(J
(1)
0 )21 = 6i(ϕ¯ϕϕ¯ϕϕ¯ + 2ϕ¯ϕϕ¯ψψ¯) + iϕ¯xxxx + 2i((ϕxϕ¯)xϕ¯+ (ϕϕ¯x)xϕ¯+
3(ϕ¯xϕ¯)xϕ+ 2ψ(ϕ¯ψ¯x)x + ψ(ϕ¯xψ¯)x + (ϕ¯xψ)xψ¯ + (ψxψ¯)xϕ¯),
(J
(1)
0 )31 = 6iϕ¯ϕϕ¯ϕψ¯ + iψ¯xxxx + 2i(2(ϕ¯xψ¯)xϕ+ (ϕ¯ϕx)xψ¯ + (ϕψ¯x)xϕ¯+
(ϕ¯ψ¯x)xϕ). (21)
According to the Eq.(15) and Eq.(16), we obtain
(J
(0)
0 )x = [J1, J
(1)
0 ]. (22)
Substituting (17), (20) into (22) and integrating Eq.(22) in reference to respect to the variable
x, we derive
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J
(0)
0 =


(J
(0)
0 )11 0 0
0 (J
(0)
0 )22 (J
(0)
0 )23
0 (J
(0)
0 )32 (J
(0)
0 )33

 , (23)
where
(J
(0)
0 )11 = 6(ϕxϕϕ¯ϕ¯− ϕ¯xϕ¯ϕϕ+ ϕxψϕ¯ψ¯ + ϕψxϕ¯ψ¯ − ψϕϕ¯xψ¯ − ψϕϕ¯ψ¯x)
+ϕ¯ϕxxx − ϕ¯xxxϕ− ϕ¯xϕxx + ϕ¯xxϕx + ψxxxψ¯ − ψψ¯xxx − ψxx
ψ¯x + ψxψ¯xx,
(J
(0)
0 )22 = 6(ϕ¯xϕ¯ϕϕ− ϕxϕϕ¯ϕ¯) + 4(ϕψϕ¯xψ¯ − ϕxψϕ¯ψ¯) + 2(ϕψϕ¯ψ¯x − ψx
ϕϕ¯ψ¯) + ϕ¯xxxϕ− ϕ¯ϕxxx − ϕ¯xxϕx + ϕ¯xϕxx,
(J
(0)
0 )23 = 4(ϕ¯xϕ¯ϕψ − ϕψxϕ¯ϕ¯) + 2(ϕ¯xϕ¯ϕψ − ϕxψϕ¯ϕ¯+ ψxψ¯ϕ¯ψ) + ϕ¯xxxψ
−ϕ¯ψxxx − ϕ¯xxψx + ϕ¯xψxx,
(J
(0)
0 )32 = 4(ϕ¯ψ¯xϕϕ− ϕxϕϕ¯ψ¯) + 2(ϕ¯xψ¯ϕϕ − ϕxϕϕ¯ψ¯ − ψ¯ϕψψ¯x) + ψ¯xxxϕ
−ψ¯ϕxxx − ψ¯xxϕx + ψ¯xϕxx,
(J
(0)
0 )33 = 4(ϕ¯ψ¯xϕψ − ψ¯ϕ¯ϕψx) + 2(ϕ¯xψ¯ϕψ − ψ¯ϕ¯ϕxψ) + ψ¯xxxψ − ψ¯ψxxx
−ψ¯xxψx + ψ¯xψxx. (24)
Since J0 = J
(0)
0 + J
(1)
0 , it is easy to draw the following conclusion
J0 =


(J
(0)
0 )11 (J
(1)
0 )12 (J
(1)
0 )13
(J
(1)
0 )21 (J
(0)
0 )22 (J
(0)
0 )23
(J
(1)
0 )31 (J
(0)
0 )32 (J
(0)
0 )33

 . (25)
By virtue of the gauge transformation, F and G in (12) lead to Fˆ and Gˆ, respectively.
Fˆ = gFg−1 + gxg
−1 = −iλΣ+ J1,
Gˆ = gGg−1 + gtg
−1
= g(−iλ5S + λ4[S, Sx] + iλ
3(Sxx − 3SxSx + 6SSxSx) + λ
2(−[S, Sxxx]
+[Sx, Sxx] + 10SxSxSx − 20SSxSxSx) + iλ(−Sxxxx + 5SxxxSx + 5
SxxSxx + 5SxSxxx − 10SSxxxSx − 10SSxxSxx − 10SSxSxxx − 15Sxx
SxSx − 10SxSxxSx − 5SxSxSxx + 35SxSxSxSx − 70SSxSxSxSx)g
−1
+J0. (26)
Substituting (17) and (25) into (26), we obtain
F̂ = i


0 ϕ ψ
ϕ¯ −λ 0
ψ¯ 0 −λ

 , Ĝ =


Ĝ11 Ĝ12 Ĝ13
Ĝ21 Ĝ22 Ĝ23
Ĝ31 Ĝ32 Ĝ33

 , (27)
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where
Ĝ11 = 6(ϕxϕϕ¯ϕ¯− ϕ¯xϕ¯ϕϕ+ ϕxψϕ¯ψ¯ + ϕψxϕ¯ψ¯ − ψϕϕ¯xψ¯ − ψϕϕ¯ψ¯x) + ϕ¯ϕxxx −
ϕ¯xxxϕ− ϕ¯xϕxx + ϕ¯xxϕx + ψxxxψ¯ − ψψ¯xxx − ψxxψ¯x + ψxψ¯xx − iλ
3(ϕϕ¯ +
ψψ¯) + λ2(ϕϕ¯x + ψψ¯x − ϕxϕ¯− ψxψ¯) + iλ(ϕxxϕ¯+ ψxxψ¯ + ϕϕ¯xx + ψψ¯xx −
ϕxϕ¯x − ψxψ¯x) + 3iλϕϕ¯ϕϕ¯+ 6iλϕϕ¯ψψ¯,
Ĝ12 = 6i(ϕϕ¯ϕϕ¯ϕ+ 2ψψ¯ϕϕ¯ϕ) + iϕxxxx + 2i((ϕϕ¯x)xϕ+ (ϕxϕ¯)xϕ+ 3(ϕxϕ)xϕ¯+
2(ψxϕ)xψ¯ + (ψϕx)xψ¯ + ψ(ψ¯ϕx)x + (ψψ¯x)xϕ) + iλ
4ϕ+ λ3ϕx − iλ
2ϕxx −
2iλ2(ϕϕ¯ϕ+ ψψ¯ϕ)− λϕxxx − 6λϕxϕ¯ϕ− 3λψxψ¯ϕ− 3λψψ¯ϕx,
Ĝ13 = 6iϕϕ¯ϕϕ¯ψ + iψxxxx + 2i(2(ϕxψ)xϕ¯+ (ϕϕ¯x)xψ + (ϕ¯ψx)xϕ+ (ϕψx)xϕ¯) + i
λ4ψ + λ3ψx − iλ
2ψxx − 2iλ
2ϕϕ¯ψ − λψxxx − 3λϕxϕ¯ψ − 3λϕϕ¯ψx,
Ĝ21 = 6i(ϕ¯ϕϕ¯ϕϕ¯+ 2ϕ¯ϕϕ¯ψψ¯) + iϕ¯xxxx + 2i((ϕxϕ¯)xϕ¯+ (ϕϕ¯x)xϕ¯+ 3(ϕ¯xϕ¯)xϕ+
2ψ(ϕ¯ψ¯x)x + ψ(ϕ¯xψ¯)x + (ϕ¯xψ)xψ¯ + (ψxψ¯)xϕ¯) + iλ
4ϕ¯− λ3ϕ¯x − iλ
2ϕ¯xx −
2iλ2(ϕ¯ϕϕ¯+ ϕ¯ψψ¯) + λϕ¯xxx + 6λϕ¯xϕϕ¯+ 3λϕ¯xψψ¯ + 3λϕ¯ψψ¯x,
Ĝ22 = 6(ϕ¯xϕ¯ϕϕ− ϕxϕϕ¯ϕ¯) + 4(ϕψϕ¯xψ¯ − ϕxψϕ¯ψ¯) + 2(ϕψϕ¯ψ¯x − ψxϕϕ¯ψ¯) + ϕ¯xxxϕ
−ϕ¯ϕxxx − ϕ¯xxϕx + ϕ¯xϕxx − iλ
5 + iλ3ϕϕ¯+ λ2(ϕ¯ϕx − ϕ¯xϕ)− iλ(ϕ¯xxϕ+ ϕ¯
ϕxx − ϕ¯xϕx) + 5iλ(ϕ¯ϕϕ¯ϕ+ ϕ¯ψψ¯ϕ)− 8iλϕ¯ϕϕ¯ϕ− 8iλϕ¯ψψ¯ϕ,
Ĝ23 = 4(ϕ¯xϕ¯ϕψ − ϕψxϕ¯ϕ¯) + 2(ϕ¯xϕ¯ϕψ − ϕxψϕ¯ϕ¯+ ψxψ¯ϕ¯ψ) + ϕ¯xxxψ − ϕ¯ψxxx −
ϕ¯xxψx + ϕ¯xψxx + iλ
3ϕ¯ψ + λ2(ϕ¯ψx − ϕ¯xψ)− iλ(ϕ¯xxψ + ϕ¯ψxx − ϕ¯xψx)−
3iλϕ¯ϕϕ¯ψ,
Ĝ31 = 6iϕ¯ϕϕ¯ϕψ¯ + iψ¯xxxx + 2i(2(ϕ¯xψ¯)xϕ+ (ϕ¯ϕx)xψ¯ + (ϕψ¯x)xϕ¯+ (ϕ¯ψ¯x)xϕ) + iλ
4
ψ¯ − λ3ψ¯x − iλ
2ψ¯xx − 2iλ
2ψ¯ϕϕ¯+ λψ¯xxx + 3λψ¯xϕϕ¯+ 3λψ¯ϕϕ¯x,
Ĝ32 = 4(ϕ¯ψ¯xϕϕ− ϕxϕϕ¯ψ¯) + 2(ϕ¯xψ¯ϕϕ− ϕxϕϕ¯ψ¯ − ψ¯ϕψψ¯x) + ψ¯xxxϕ− ψ¯ϕxxx −
ψ¯xxϕx + ψ¯xϕxx + iλ
3ψ¯ϕ+ λ2(ψ¯ϕx − ψ¯xϕ)− iλ(ψ¯ϕxx + ψ¯xxϕ− ψ¯xϕx)−
3iλψ¯ϕϕ¯ϕ,
Ĝ33 = 4(ϕ¯ψ¯xϕψ − ψ¯ϕ¯ϕψx) + 2(ϕ¯xψ¯ϕψ − ψ¯ϕ¯ϕxψ) + ψ¯xxxψ − ψ¯ψxxx − ψ¯xxψx +
ψ¯xψxx − iλ
5 + iλ3ψ¯ψ + λ2(ψ¯ψx − ψ¯xψ)− iλ(ψ¯ψxx + ψ¯xxψ − ψ¯xψ)− 3iλ
ψ¯ϕϕ¯ψ. (28)
By means of the zero-curvature formulation of Fˆ and Gˆ, we derive the super fifth-order NLSE
with the constraint (I)
iϕt − 6i(ϕϕ¯ϕϕ¯ϕ+ 2ψψ¯ϕϕ¯ϕ)x − iϕxxxxx − 2i((ϕϕ¯x)xϕ+ (ϕxϕ¯)xϕ+ 3(ϕxϕ)xϕ¯+
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2(ψxϕ)xψ¯ + (ψϕx)xψ¯ + ψ(ψ¯ϕx)x + (ψψ¯x)xϕ)x + 12i(ϕϕ¯xϕϕ¯ϕ− ϕxϕϕϕ¯ϕ)− 16i
ϕxϕ¯ϕψψ¯ + 12i(ϕϕ¯xϕψψ¯ + ϕϕϕ¯ψψ¯x)− 8iϕϕϕ¯ψxψ¯ + i(2ϕϕ¯xxxϕ− 2ϕϕ¯ϕxxx − 2ϕ
ϕ¯xxϕx + 2ϕϕ¯xϕxx + 2ψψ¯xxxϕ− ψψ¯ϕxxx − ψψ¯xxϕx + ψψ¯xϕxx − ψxxxψ¯ϕ+ ψxxψ¯x
ϕ− ψxψ¯xxϕ) = 0,
iψt − 6i(ϕϕ¯ϕϕ¯ψ)x − iψxxxxx − 2i(2(ϕxψ)xϕ¯+ (ϕϕ¯x)xψ + (ϕ¯ψx)xϕ+ (ϕψx)xϕ¯)x
+12iϕϕ¯ϕϕ¯xψ − 8iϕxϕ¯ϕϕ¯ψ − 4iϕϕ¯ϕϕ¯ψx + i(2ϕϕ¯xxxψ − ϕϕ¯ψxxx − ϕϕ¯xxψx + ϕ
ϕ¯xψxx − 2ψψ¯xxψx + 2ψψ¯xψxx − ϕxxxϕ¯ψ − ϕxϕ¯xxψ + ϕxxϕ¯xψ) = 0. (29)
In the following, we turn to consider the second constraint S2 = 3S− 2I. One derives St and
[S, Sxx] satisfying SStS = 2St and S[S, Sxx]S = 2[S, Sxx]. Thus the deformation term E should
satisfy the equation
SE + ES = 3E. (30)
Using the similar approach as the above constraint, we obtain the fifth-order HS model under
the constraint (II)
St = Sxxxxx − 15(SxxxSx + SxxSxx + SxSxxx − SxxSxSx)x + 10(SSxxxSx
+SSxxSxx + SSxSxxx + SxSxxSx)x + 5(SxSxSxx)x − 105(SxSxSxSx)x
+70(SSxSxSxSx)x. (31)
The corresponding F and G can be expressed as
F = −iλS,
G = −iλ5S + λ4[S, Sx] + iλ
3(Sxx − 9SxSx + 6SSxSx) + λ
2(−[S, Sxxx] + [Sx, Sxx]
+30SxSxSx − 20SSxSxSx) + iλ(−Sxxxx + 15SxxxSx + 15SxxSxx + 15SxSxxx
−10SSxxxSx − 10SSxxSxx − 10SSxSxxx − 15SxxSxSx − 10SxSxxSx − 5SxSx
Sxx + 105SxSxSxSx − 70SSxSxSxSx), (32)
where λ is the spectral parameter.
Let
J1 = i


0 0 ψ1
0 0 ψ2
ψ¯1 ψ¯2 0

 ∈ L(1) for S ∈ SU(2/1)/S(U(2) × U(1)), (33)
here ψ1(x, t), ψ2(x, t) are the fermionic variables.
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Substituting (13) and (18) into (31), we find
[Σ, J0] = 4[[[[Σ, J1x], J1], J1], J1] + 6[[[Σ, J1xx], J1], J1] + [[[[[Σ, J1], J1], J1], J1], J1]
+3[[[[Σ, J1], J1x, ], J1], J1] + 8[[[Σ, J1x], J1x], J1] + 4[[Σ, J1xxx], J1]
+2[[[[Σ, J1], J1], J1x], J1] + 3[[[Σ, J1], J1xx], J1] + 4[[[Σ, J1x], J1], J1x]
+6[[Σ, J1xx], J1x] + [[[[Σ, J1], J1], J1], J1x] + 3[[[Σ, J1], J1x], J1x]
+4[[Σ, J1x], J1xx] + [Σ, J1xxxx] + [[[Σ, J1], J1], J1xx] + [[Σ, J1], J1xxx]
−15(([Σ, J1xx] + [[[Σ, J1], J1], J1] + 2[[Σ, J1x], J1] + [[Σ, J1], J1x])[Σ, J1]
+([[Σ, J1], J1] + [Σ, J1x])([[Σ, J1], J1] + [Σ, J1x]) + [Σ, J1]([Σ, J1xx]
+[[[Σ, J1], J1], J1] + 2[[Σ, J1x], J1] + [[Σ, J1], J1x])− ([[Σ, J1], J1] + [Σ, J1x])
[Σ, J1][Σ, J1])x + 10(Σ([Σ, J1xx] + [[[Σ, J1], J1], J1] + 2[[Σ, J1x], J1]
+[[Σ, J1], J1x])[Σ, J1] + Σ([[Σ, J1], J1] + [Σ, J1x])([[Σ, J1], J1] + [Σ, J1x])
+Σ[Σ, J1]([Σ, J1xx] + [[[Σ, J1], J1], J1] + 2[[Σ, J1x], J1] + [[Σ, J1], J1x])
+[Σ, J1]([[Σ, J1], J1] + [Σ, J1x])[Σ, J1])x + 5([Σ, J1][Σ, J1]([[Σ, J1], J1]
+[Σ, J1x]))x − 105([Σ, J1][Σ, J1][Σ, J1][Σ, J1])x + 70(Σ[Σ, J1][Σ, J1]
[Σ, J1][Σ, J1])x, (34)
where Σ = diag(1, 1, 2).
Repeating the process of constraint I, naturally, we obtain
J
(0)
0 =


(J
(0)
0 )11 (J
(0)
0 )12 0
(J
(0)
0 )21 (J
(0)
0 )22 0
0 0 (J
(0)
0 )33

 , J (1)0 =


0 0 (J
(1)
0 )13
0 0 (J
(1)
0 )23
(J
(1)
0 )31 (J
(1)
0 )32 0

 . (35)
Combining the two matrix in (35), we obtain
J0 =


(J
(0)
0 )11 (J
(0)
0 )12 (J
(1)
0 )13
(J
(0)
0 )21 (J
(0)
0 )22 (J
(1)
0 )23
(J
(1)
0 )31 (J
(1)
0 )32 (J
(0)
0 )33

 , (36)
where
(J
(0)
0 )11 = 4(ψ1ψ2ψ¯2ψ¯1x − ψ1xψ2ψ¯2ψ¯1)− 2(ψ¯2ψ¯1ψ1ψ2x − ψ1ψ2ψ¯2xψ¯1) +
ψ1xxxψ¯1 − ψ1ψ¯1xxx − ψ1xxψ¯1x + ψ1xψ¯1xx,
(J
(0)
0 )12 = 2(ψ1ψ¯2xψ2ψ¯2 − ψ1ψ¯1ψ1xψ¯2) + ψ1xxxψ¯2 − ψ1ψ¯2xxx − ψ1xxψ¯2x
+ψ1xψ¯2xx,
(J
(1)
0 )13 = −4i(ψ1xψ2)xψ¯2 − 2i(ψ¯2(ψ1ψ2x)x + ψ1(ψ2xψ¯2)x − (ψ1ψ¯2x)xψ2)
+iψ1xxxx,
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(J
(0)
0 )21 = 2(ψ2ψ¯1xψ1ψ¯1 − ψ2ψ¯2ψ2xψ¯1) + ψ2xxxψ¯1 − ψ2ψ¯1xxx − ψ2xxψ¯1x
+ψ2xψ¯1xx,
(J
(0)
0 )22 = 4(ψ2ψ¯1ψ¯2xψ1 − ψ2xψ1ψ¯1ψ¯2)− 2(ψ¯1ψ2ψ1xψ¯2 − ψ2ψ¯1xψ¯2ψ1) +
ψ2xxxψ¯2 − ψ2ψ¯2xxx − ψ2xxψ¯2x + ψ2xψ¯2xx,
(J
(1)
0 )23 = −4i(ψ2xψ1)xψ¯1 − 2i(ψ¯1(ψ2ψ1x)x − ψ2(ψ¯1ψ1x)x − (ψ2ψ¯1x)xψ1)
+iψ2xxxx,
(J
(1)
0 )31 = −4i(ψ¯2ψ¯1x)xψ2 + 2i(ψ¯1(ψ¯2xψ2)x + ψ¯2(ψ2xψ¯1)x − (ψ¯2xψ¯1)xψ2)
+iψ¯1xxxx,
(J
(1)
0 )32 = −4i(ψ¯1ψ¯2x)xψ1 + 2i(ψ¯2(ψ¯1xψ1)x + ψ¯1(ψ1xψ¯2)x − (ψ¯1xψ¯2)xψ1)
+iψ¯2xxxx,
(J
(0)
0 )33 = 6(ψ¯1ψ1xψ2ψ¯2 + ψ¯2ψ2xψ1ψ¯1 − ψ¯2ψ¯1xψ2ψ1 − ψ¯1ψ¯2xψ1ψ2) + ψ¯1xxx
ψ1 − ψ¯1ψ1xxx − ψ¯1xxψ1x + ψ¯1xψ1xx + ψ¯2xxxψ2 − ψ¯2ψ2xxx − ψ¯2xx
ψ2x + ψ¯2xψ2xx. (37)
By virtue of the gauge transformation, F and G (32) lead to F˜ and G˜
F˜ = gUg−1 + gxg
−1 = −iλΣ+ J1,
G˜ = gV g−1 + gtg
−1
= g(−iλ5S + λ4[S, Sx] + iλ
3(Sxx − 3SxSx + 6SSxSx) + λ
2(−[S, Sxxx]
+[Sx, Sxx] + 10SxSxSx − 20SSxSxSx) + iλ(−Sxxxx + 5SxxxSx + 5
SxxSxx + 5SxSxxx − 10SSxxxSx − 10SSxxSxx − 10SSxSxxx − 15Sxx
SxSx − 10SxSxxSx − 5SxSxSxx + 35SxSxSxSx − 70SSxSxSxSx))g
−1
+J0. (38)
By means of (33) and (36), we rewrite (38) as follows
F˜ = i


−λ 0 ψ1
0 −λ ψ2
ψ¯1 ψ¯2 −2λ

 , G˜ =


G˜11 G˜12 G˜13
G˜21 G˜22 G˜23
G˜31 G˜32 G˜33

 ,
(39)
where
G˜11 = −iλ
5
− iλ3ψ1ψ¯1 − λ
2(ψ1xψ¯1 − ψ1ψ¯1x) + iλ(ψ1ψ¯1xx + ψ1xxψ¯1)
−iλψ1xψ¯1x + 3iλψ1ψ¯2ψ2ψ¯1 + 4(ψ1ψ2ψ¯2ψ¯1x − ψ1xψ2ψ¯2ψ¯1)− 2
(ψ¯2ψ¯1ψ1ψ2x − ψ1ψ2ψ¯2xψ¯1) + (ψ1xxxψ¯1 − ψ1ψ¯1xxx − ψ1xxψ¯1x +
ψ1xψ¯1xx),
11
G˜12 = −iλ
3ψ1ψ¯2 − λ
2(ψ1xψ¯2 − ψ1ψ¯2x) + iλ(ψ1xxψ¯2 + ψ1ψ¯2xx)− iλψ1x
ψ¯2x + 2(ψ1ψ¯2xψ2ψ¯2 − ψ1ψ¯1ψ1xψ¯2) + (ψ1xxxψ¯2 − ψ1ψ¯2xxx − ψ1xx
ψ¯2x + ψ1xψ¯2xx),
G˜13 = iλ
4ψ1 + λ
3ψ1x − iλ
2ψ1xx + 2iλ
2ψ1ψ2ψ¯2 − 3λ(ψ1xψ¯2ψ2 + ψ1ψ¯2ψ2x)
−λψ1xxx − 4i(ψ1xψ2)xψ¯2 − 2i(ψ¯2(ψ1ψ2x)x + ψ1(ψ2xψ¯2)x − (ψ1ψ¯2x
)xψ2) + iψ1xxxx,
G˜21 = −iλ
3ψ2ψ¯1 − λ
2(ψ2xψ¯1 − ψ2ψ¯1x) + iλ(ψ2xxψ¯1 + ψ2ψ¯1xx − ψ2xψ¯1x)
+2(ψ2ψ¯1xψ1ψ¯1 − ψ2ψ¯2ψ2xψ¯1) + (ψ2xxxψ¯1 − ψ2ψ¯1xxx − ψ2xxψ¯1x
+ψ2xψ¯1xx),
G˜22 = −iλ
5
− iλ3ψ2ψ¯2 − λ
2(ψ2xψ¯2 − ψ2ψ¯2x) + iλ(ψ2ψ¯2xx + ψ2xxψ¯2 − ψ2x
ψ¯2x) + 3iλψ2ψ¯1ψ1ψ¯2 + 4(ψ2ψ¯1ψ¯2xψ1 − ψ2xψ1ψ¯1ψ¯2)− 2(ψ¯1ψ2ψ1xψ¯2
−ψ2ψ¯1xψ¯2ψ1) + (ψ2xxxψ¯2 − ψ2ψ¯2xxx − ψ2xxψ¯2x + ψ2xψ¯2xx),
G˜23 = iλ
4ψ2 + λ
3ψ2x − iλ
2ψ2xx − 2iλ
2ψ2ψ¯1ψ1 − 3λ(ψ2ψ¯1ψ1x + ψ2xψ¯1ψ1)
−λψ2xxx − 4i(ψ2xψ1)xψ¯1 − 2i(ψ¯1(ψ2ψ1x)x − ψ2(ψ¯1ψ1x)x − (ψ2ψ¯1x)x
ψ1) + iψ2xxxx,
G˜31 = iλ
4ψ¯1 − λ
3ψ¯1x − iλ
2ψ¯1xx − 2iλ
2ψ¯2ψ2ψ¯1 + 3λ(ψ¯2xψ2ψ¯1 + ψ¯2ψ2ψ¯1x)
+λψ¯1xxx − 4i(ψ¯2ψ¯1x)xψ2 + 2i(ψ¯1(ψ¯2xψ2)x + ψ¯2(ψ2xψ¯1)x − (ψ¯2xψ¯1)x
ψ2) + iψ¯1xxxx,
G˜32 = iλ
4ψ¯2 − λ
3ψ¯2x − iλ
2ψ¯2xx − 2iλ
2ψ¯1ψ1ψ¯2 + 3λ(ψ¯1xψ1ψ¯2 + ψ¯1ψ1ψ¯2x)
+λψ¯2xxx − 4i(ψ¯1ψ¯2x)xψ1 + 2i(ψ¯2(ψ¯1xψ1)x + ψ¯1(ψ1xψ¯2)x − (ψ¯1xψ¯2)x
ψ1) + iψ¯2xxxx,
G˜33 = −2iλ
5 + iλ3(ψ¯1ψ1 + ψ¯2ψ2)− λ
2(ψ¯1xψ1 − ψ¯1ψ1x + ψ¯2xψ2 − ψ¯2ψ2x)
−iλ(ψ¯1xxψ1 + ψ¯2xxψ2 + ψ¯2ψ2xx + ψ¯1ψ1xx − ψ¯1xψ1x − ψ¯2xψ2x)− 6
iλψ¯1ψ1ψ¯2ψ2 + 6(ψ¯1ψ1xψ2ψ¯2 + ψ¯2ψ2xψ1ψ¯1 − ψ¯2ψ¯1xψ2ψ1 − ψ¯1ψ¯2xψ1
ψ2) + (ψ¯1xxxψ1 − ψ¯1ψ1xxx − ψ¯1xxψ1x + ψ¯1xψ1xx) + (ψ¯2xxxψ2 − ψ¯2
ψ2xxx − ψ¯2xxψ2x + ψ¯2xψ2xx). (40)
Based on the zero-curvature formulation of F˜ and G˜, we have the fermionic fifth-order NLSE,
iψ1t + 4i(ψ1xψ2)xxψ¯2 + 4i(ψ1xψ2)xψ¯2x + 2i(ψ¯2(ψ1ψ2x)x + ψ1(ψ2xψ¯2)x − (ψ1ψ¯2x)x
ψ2)x − iψ1xxxxx + iψ1((ψ¯2xψ2 − ψ¯2ψ2x)xx − 2(ψ¯2xxψ2x − ψ¯2xψ2xx)) + i((ψ1xψ¯2 −
ψ1ψ¯2x)xx − 2(ψ1xxψ¯2x − ψ1xψ¯2xx))ψ2 = 0,
12
iψ2t + 4i(ψ2xψ1)xxψ¯1 + 4i(ψ2xψ1)xψ¯1x + 2i(ψ¯1(ψ2ψ1x)x − ψ2(ψ¯1ψ1x)x − (ψ2ψ¯1x)x
ψ1)x − iψ2xxxxx + iψ2((ψ¯1xψ1 − ψ¯1ψ1x)xx − 2(ψ¯1xxψ1x − ψ¯1xψ1xx))− i((ψ2xψ¯1 −
ψ2ψ¯1x)xx − 2(ψ2xxψ¯1x − ψ2xψ¯1xx))ψ1 = 0. (41)
4 Summary and Discussion
In this study, we have discussed the fifth-order HS model with two types of constraints which are
S2 = S and S2 = 3S − 2I, respectively. We construct their gauge equivalent equations, which
are the super and fermionic fifth-order NLSEs. It is well known there is a close relationship
between the HS model and the Hubbard model which attracts lots of interest in physics. This
study further demonstrates that the method in this paper can be also applied to establish other
higher-order HS models and higher-order super and fermionic NLSE. For the applications of the
generalized HS models and higher-order related NLSEs constructed in this paper, we shall try
to do it in a near future.
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